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A Finite Element Algorithm for Computationai Fluid Dynamics

A.J. Baker* and M. O. Solimanf
The University of Tennessee, Knoxville, Tennessee

An implicit finite element numerical algorithm is derived for the compressible Navier-Stokes equations ex-
pressed in generalized coordinates. The theoretical basis utilizes a Galerkin weighted residuals formulation and
extremization of approximation error within the context of a multipole expansion. A simplified von Neumann
analysis indicates the algorithm fourth-order phase accurate with third-order dissipation for the eiementary
linear basis construction. Algorithm performance is nominally improved using a quadratic basis. Numerical
experiments for shocked duct flows are employed to refine the several algorithm parameters..

Introduction

SSESSMENT of the impact potential for finite element

theory and practice on the construction of numerical
solution algorithms for computational fluid dynamics (CED)
is under study. The formal elegance of the methodology has
produced a sound theoretical basis for the comprehensive
simulation capabilities now in existence throughout structural
mechanics.! The potential for such an impact in fluid
dynamics remains to be verified.

The past -decade has witnessed greatly expanded
development of numerical solution algorithms and techmques
for problem classes .in CFD, in particular aerodynamics. In
1969 MacCormack? published an explicit, predictor-corrector
finite difference algorithm for the Euler equations, which has
since enjoyed worldwide acceptance and use. Using a split-
operator technique, this truly elementary construction yields a
second-order accurate (in space-and time) approximation to
the Euler. equations. The addition of artificial diffusion
permits prediction of shocked flows, and the basic theoretical

- formulation has enjoyed many refinements.

For viscous or turbulent flows, the explicit Euler algorithm
becomes severely penalized by the “‘stiffness’’ of the discrete
Navier-Stokes - approximation. - Modifications - have. been
formulated,>* but interest has generally shifted to implicit
formulations, exemplified by the finite difference algorithms
of Beam and Warming® and Briley and McDonald,® for an
‘“‘approximate factorization’> formulation. This-.algorithm
concept is specifically addressed to the steady-state, com-
pressible flow equation system, but could be extended to the
transient problem. The addition of artificial .diffusion is
required for stability and the algorithm can simulate shocked
flows. The extension of this finite difference algorithm to.a
generalized coordinates description,’ utilizing grid generation
and solution concepts pioneered by Thompson and co-
workers,®? renders the algorithm applicable to practical
aerodynamic configurations.

Most recently, the formality of finite element function

theoretic concepts has been applied to algorithm constructions -

in CFD.!%2 While in its infancy compared to the extensive
development of difference algorithms, the methodology does
appear to yield robust algorithm formulations. In its
elementary interpretation, the finite element concept returns
calculus and vector field theory to the construction of discrete
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simulation algorithms for any branch of mechanics. Of
necessity, using Taylor series expansions, one must be-able to
verify the equivalent (finite difference) order of accuracy for
elemeritary derivatives within the governing equation system.
Specifically, linear (quadratic) finite element bases yield,
respectively, second- (fourth-) order. finite difference
representations for linear spatial derivatives. For other than
linear space derivatives, however, the finite element con-
struction usually yields expressions that are not so familiar.
However, upon dissection they always can be related to
appropriate Taylor series expansions. The important issue is -
that the theory produces the discrete analog expressions
completely independent of the a posteriori ability to construct
an equivalent difference representation. ‘

In fluid mechanics, confidence in the theoretical statement .
can be attained only through detailed numerical assessments

* of progressively more complicated and pertinent differential

equation descriptions. Strict adherence to convergence theory
has been verified for scalar parabolic partial differential
equations!® using linear, quadratic, and cubic Lagrange and
Hermite finite element bases. Agreement with linear con-
vergence  theory concepts is documented for solutions of
the mildly nonlinear, parabolic laminar boundary-layer equa-
tions!! for both'linear and quadratic bases. Similar results for
the consequentially nonlinear parabolic turbulent boundary-
layer equations is also reported.'? Of primary theoretical
interest here, the Sobolev norm used to quantize convergence
was a strongly nonlinear function, yet the theory accurately
predicted algorithm performance.

An implicit finite element numerical solution algorlthm has
been derived for the unsteady three-dimensional Navier-
Stokes equations expressed in generalized coordinates. The
solution statement is applicable to inviscid, viscous, and/or
turbulent flowfield descriptions, upon specification of the
stress tensor. The theoretical statement utilizes a Galerkin
weighted residuals formulation and extremization of
semidiscrete approximation error within a multipole ex-
pansion. A von Neumann linearized stability analysis. in-
dicates the basic algorithm fourth-order accurate in thé large
Reynolds number limit. Numerical experiments for shocked,
ducted flows quantize solution accuracy and convergence with
respect to several identified algorithm parameters.

Problem Descrlptlon

The partial differential equation set governing transrent
three-dimensional aerodynamic flows is the familiar and very
nonlinear . Navier-Stokes system. In nondimensional con-
servation form, using Cartesian tensor summation notation,
the equation system for a compressible, viscous, heat-
conducting fluid is

dp

L(p)= -

d
+ — .0]l=0 1
st 1) 0
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a(pu; ] . ie.,
L(pu;) = (;ll) +5;[ujpui+l75ij‘0fj]=0 ®
J Q=R"xt={(x1): x€R" and t€[1,,1)} (12)
I _ d(pe) ad ‘ -0 3 ‘ ) . .
(pe) = at + 5}: [wpe+u;p—oyu;—q;1=0 . () The domain boundary 9% is the product of the boundary dR

In Egs. (1-3), p is density, pu; the momentum vector, p the

pressure, and e the mass specific total energy. Assuming a

polytropic gas, p = (y — 1)pe, the equation of state is
p=(y—1)lpe—"2pu;u;] @

. The Stokes stress tensor g;;, heat flux vector g;, and specific
internal energy e are defined as

2;1. 6uk

] a
o= L [L _u_,] ; ®)
Re L dx; 0x; 3Re ax;
de
=g ' 6
q;=—x x, (6)
e=e—Youu; N

where p is the absolute viscosity, « the coefficient of heat
conductivity, and BU the Kronecker delta.

The Euler equations are contained within Egs. (1-4) upon
specification that Egs. (5) and (6) vanish identically. The form
of Eqgs. (1-4) is also representative of the mass-weighted
formulation of the time-averaged Navier-Stokes equations for
a turbulent flow.'* In this instance, the variables are in-
terpreted as appropriate descrrptors of the mean flow, and o}/
and g; are generalized to include nonvanishing correlations of
subgrid scale phenomena. For example, the total stress tensor
becomes

0, =6, —puul - ®)

where — pu u! ; is the Reynolds stress tensor and 0y denotes the -

time- averaged form for Eq. (5).

Numerical Solution Algorithm

Finite Element Formulation

The three-dimensional Navier- Stokes equatron system is
identified for the unsteady description. The direct steady-state
algorithm will emerge as a special case of the transient finite
element algorithm formulation. Denoting pu;=m; and pe=g,
Eqgs. (1-6) describe evolution of the vector, dependent variable
with elements

(q)7={o,m,8.p,0;,4;) )

The initial-value, partial differential equations (1-3) are of the
form

aq,
ot

' a .
L(g,)= +—(uq,+fyl +s,=0 (10)
ax; .

In Eq. (10) f,;(gs) and s (qﬁ) are specified nonlinear func-
tions of their argument, as determined by inspection. The
form for the remaining algebraic and partial differential
equations (4-8) is

L{q,)=q.+f,(qg)=0 , an

-The n-dimensional equation system [Egs. (10) and (11)] is
defined on the Euclidean space R" spanned by x with scalar
components x;, 1 <i<n. The solution domain  is the product
"~ of R" and ¢ for all elements of x belonging to R" and all
elements of ¢ belonging to the open interval measured from tos

of R" spanned by x and ¢, i.e., 30=0R x 1. Thereupon, the
general form for the differential boundary constraint is

o a . )
Z(qa)=a7qa+ag‘§qanj+a§‘=0 (13)
J

where the ag are specified coefficients and fi; is the unit
normal vector. Finally, an initial distribution for g, on
Q,=R" X t,is required,

q,(xt))=4¢%(x) (14)

~ The functional requirement of the (any) numerical solution

algorithm for Egs. (10-13) is to construct a suitable ap-
proximation g’ (x,?) to.the dependent variable set g (x,?) and
to render the error in this approximation extremum in some
norm. A finite element algorithm is the formal application of
these  basic - requirements. .. The approx1mat10n gh(x,0) is
constructed from members of a conveniént finite- dlmensmnal
subspace of H}(), the Hilbert space of all functions
possessing square integrable first derivatives, and satisfying
the boundary conditions of Eq. (13). While extremely flexible
in theory, the usual practice is to employ polynomials
truncated at degree kK and defined on disjoint interior sub-
domains ,, the union of which forms the discretization of
2= UQ,. Hence, by definition

M. .
q,(x,t) =qh(x,t) = {JI-qz(x,t) (15)

The element semidiscrete approximation is the series

s (x,1) = (N (X)) T(QI(n) }, (16)

In Eq. (16), the free index I denotes members of g at nodes
of UQ,, and sub- or superscript e denotes pertaining to the eth
finite element, Q, =R? X¢. The elements of the row matrix
{Ne(x)] T are polynomlals writtén on x;, 1 <j<n, complete to
degree k and constructed to form a cardrnal basis.!*

To render the error in ¢%. extremum, a finite element
algorithm requires the semidiscrete approximation error in
Egs. (10), (11), and (13), i.e., L(g") and #g"), to be or-
thogonal to the function space utilizéd to construct ¢%. A
multipole expansion is also. invoked to constrain select
derivatives of the error. Specifically, since high-frequency
dispersion is a dominant error mechanism, and since L(g") is
therefore locally nonsmooth, the finite element algorithm
requires that VL(g") also be orthogonal to {N,}. These
constraints, which are linearly independent, are combined
into a single theoretical statement by identification of the
(Lagrange) multiplier set 3; as

[ NIL@dx+8, - | (NI VLghax
+8, |, (V@) dx=10) Can

Upon definition of k in-Eq. (16), Eq. (17) is a coupled
system of ordinary differential and algebraic equations of the
form )

[CLQI}’ + [UI(QI} + [FUV(QJ} + (ST} =(0}  (18)
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The specific form of the matrices in Eq. (18) are given-in a
later section. Since the [C] matrix is nondiagonal, an implicit
integration algorithm is suggested. The O-implicit finite
difference algorithm, where © = ¥ yields the trapezoidal rule,
can be written as -

{FI}={Q1L‘+1-{QII,-—At[elQI}j'+1+(I—G)fQIlj]=0

(19)
Equatlon (18) prov:des the deflmtlon of the derlvatlve {QI )}’

for Eq. (19). Upon Substitution and proceeding through the
algebra,’ Eq. (19) becomes a nonlinear algebraic equation

system written on {QI};,,. The Newton matrix iteration

solution algorithm is

(FD 12, (50188 = — (FI}R,, (20)

The dependent vafiablé {6QI} yields the solution
th7:}= (Qn2. + {691}5’:1 @1
The Jacobian for Eq. (20) is formed from Eq. (19) as

O{ FI)
3{0J)

WFED]= (22)

Gene‘ralivzed ‘Coordinates

A principal requirement in computational aerodynamics is
to accurately interpolate solution domain boundaries dR that
are nonregular and perhaps nonsmooth. The term
“‘generalized coordinates’’ has gained acceptance to describe
the algorithm statement appropriate for use with a
regularizing, boundary-fitted coordinate transformation.

Many procedures are. available .to construct such trans-

formations.!s The generated coordinate transformation is the
mapping

x,-=x,-(17,-) (23)

Since Eq (16) defines a general interpolation, the local form
for Eq. (23) is ’

= (N (m)T(XI}, xR 24

The elements of { XTI}, are the coordinates of the nodes of R?,
1=<(i,l)<n, hence UR? the global discretization. The elements
of {N,()} for RZ and R? are well known' for 1 sk =<3.

The numerical algorithm requirement is transformation of
the divergence operator in Eq. (10) to

9 9,
On, Ox;

d
o (25)

The elements of the inverse Jacobian, J;/ = [dy,/ ax,] s are

[_‘_3_77_/(_ ] =J! - -1 [transformed J cofactor], (26)
ax; de ¢ det[J], , e
where [J1,= [dx,/dn ;1. is directly evaluated from Eq. (24).
The differential element for Eq._ (17 is

dx=det[J],dy @7

~ Then, for exémple, using the divergence theorem for the
second term in Eq. (10), the first error constraint in Eq. (17)
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for L(pu;) becomes

h
S [N}L(puf’)dx=g (N 24 et 1 7dn
RM RN

at

+§3R {N} [u"pu”+p"6 —ak]- ndet[J]dn

d{N} aTIk :
—SR” o (W)[u;zpu¢'+pha,.j—ag.]det[ndn(28)

Define the contravarlant components of convection ve10c1ty
on R? as

aﬂk
ax;

)

ﬁg:det[J]e( )ue—[CofJ] us )

where [CofJ], is the transformed cofactor matrix of [J],.
Using Eq. (16) to interpolate #§ on R” and noting that the
surface integral in Eq. (28) vanlshes ldentlcally on all interior
elemental boundaries dR,, Eq. (28) becomes the matrix
statement

[, ML ax=
Sé[SR" ([DETlZ{N} (N}{N}T{RHOUI,

— {UBARK}T{N} ai {N}{N}T{RHOUI},

Nk

— (ETAKI}T (N} 53— {N}{N)T{P},

{ETAKJ}T{N} {N}{ }{SfGIJ}e)dn

+ <§>3R - ({ UBARK)T{N) (N} (N)T{RHOUI},
+{DET} (N} (N}INITP b

- DENIINUNINITISIGIK), ) &un] 60

In Eq (30), since the {N,} for q, are orthonormahzed on
Rz, the limits for each integral become 5= +1: S, is the
matrix operator'¢ projecting computed element conmbutlons
ontothe correspondlng global matrix statement [Eq. (18)].

The e-subscripted terms in Eq. (30) are independent of 5,

" and can be extracted from the integrand, leaving only

products of the polynomials and derivatives in {N, }. These
are directly evaluiable, using numerical quadrature, yielding
Eq. (30) as the matrix statement

: SR” {N}L(pu!')dx=35, [{DET} T {M3000] {RHOUI};

— (UBARK )T (IM30K0) ~ i [N3000) ) [RHOUI},
— (1ETAKD) T (M30K0) - 7, { DET)T (N30001 ) (P},
+ (1ETAKL)T [M30KO]

— A, {DET}T [N3000]> {SIGIL}e] G
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In Eq. (31) the indices K and L obey the tensor summation
rule, 1 =(K,L)<n, Iis the free index (for pu?) and [M30K0]
is the hypermatrix equivalent of 4/dy, (transformed), con-
tracted with corresponding element distributions. The matrix
[N30001, premultiplied by unit outward pointing normal #;
to AR, results from the integration of the last term in Eq. (30).
{DETY}, is the nodal distribution of det[J], on R}, while
{ETAKI}, and {ETAKL)}, are corresponding nodal
distributions of components of J~=! on R?. Within the
generalized coordinate framework, therefore, the grid and
metric data required for a finite element numerical simulation
reduces to nodal distributions of J;7={dy,/dx;], and
det{J],=det[dx;/0n,],.

Tensor Matrix Product Jacobian

For efficiency, a tensor matrix product approximation to
Eq. (22) can be constructed using the tensor product cardinal
basis '{N,(y)} spanning quadrilateral and hexahedron
domains on R? and R?, respectively. The Newton algorithm
Jacobian [J(FD)] is replaced by the tensor (outer) product

WFED]=1J,1® [J,]1® [J;] (32)

Each component [J,]1 is constructed from its definition
[Eq. (22)], assuming interpolation and differentiation are
one-dimensional. The solution statement, {Eq. (20)], then
becomes

U1® [1,1® 17,1600t = —(FI}2,,  (33)

Defining
(P2 =1T,1® [J;1{0Q0) 2}
{P2)2} =1J;118Q132¢] (34
' . N=6
] N=8
4
o~ N=10
‘§ . N=12
N=14
i N= 16

197 - ;ﬁk s\

i N = Zl\\ N/
2 ,
18 T T TTTHT T T 1T T TTTTH
197 102 10! |
106 Vl

Fig.1 Solution to Eq. (39).
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the operational sequence for Eq. (33) becomes

W, (P12 = = (FI}2

J+1

W) (P2}er) = (P12}

Jj+1
[13]{6Q1}”I/={P2}5’I1’ (33)

Other permutations of the index sequence for [J ] could be
utilized. The key aspect is replacement of the very large (albeit
sparse) matrix [J], with a-block-tridiagonal [pentadiagonal
for k=2 in Eq. (16)] matrices [J, ], yielding a large reduction
in both storage for the Jacobian and CPU to construct the LU
decomposition and perform the back substitution. This
procedure in no way affects the formation of {FI}, wherein
lie the accuracy features . intrinsic to the finite element
algorithm statement. Compromises in the construction of
{FI} will invariably produce inferior results. A complete :
descrlptlon of the algorithm construction [Egs. (32-35)] is
given in Ref. 16.

Theoretical Analysis
The estimation of an ‘“‘optimum’’ constraint set 8, [Eq.
(17)] is provided by a semidiscrete stability analysis of Eq. (1)
on R!. Assuming a constant convection velo<:1ty U,, the
semidiscrete Fourier solution is

q} (jax, t) = Vexpliw (jAx—T1) ] (36)

Here, T=U,[0+i6], where o and & are real numbers,
i=~—1, and w=2x/\ is the wave number for wavelength A.
Substituting Eq. (36) into Eq. (17), expanding 8, as vdet[J],,
where v={»,,»,}i, setting k=1 in Eq. (16), and proceeding
through the algebral® yields the solutions

1 v
: 0=[ ~V1(V1—V2)d +(180+ ;22
+v§(v,—v2)>d4+0(d6)] G7)

=[(V, v,)d— (E—ug(u,fvz))d3+0(d5)] (38)

where d=wAx and 0(-) indicates order. Without the multipole
term, i.e., 8;=0, Eqs. (37) and (38) indicate the basic
algorithm is spatially fourth-order accurate and free of ar-
tificial diffusion. Setting », =1/~15=», yields o=~1+0(d?)
[Eq. 37)]1, hence 6=~ —d3/12, which is documented!s to
produce excessive artificial diffusion. Defining », and »,
distinct and enforcing sixth-order accuracy in Eq. (37) yields
the constraint

v} +d?/180—vid?
T I d 2= )

(39)

The semidiscrete solution resolves discrete wavelengths
N\, =nAx, where d=2=/n. The solution of Eq. (39) for a range
of ;>0 and n>2 is graphed in Fig. 1. The solutions for each
n converge at y; = 1/N15=v,, and generally vz(n)>vl(n)>/
10-2 for sixth-order accuracy. For the smallest n, v, is"an
order of magnitude or more larger than »,.

Two-Dimensional, Bilinear Element Algorithm

Metric Definitions

Restrict consideration to problems on R? and k=1 in Eq.
(16), i.e., {N,()}. In this case, R? exhibits only vertex nodes
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and hence,

i

317k) 1
Tk N,}T(ETAKJ I=(K,J)=<2 (40
(axj e detle{ a e =(KJ)=2 (40)

Noting that (detJ);! cancels in the algebra [Eq. (26)], the
elements of { ETAKJ}, are
{ETAKJ}, -
(Y4-Yl, Y3-Y2, Y3-Y2, Y4-YI}, (LI)
1| {XI—-X4, X2-X3, X2—-X3, XI-X4}, (1,2)
2| (YI-Y2, YI-Y2, Y4-Y3, Y4- Y3}, (2,1)
(X2-X1, X2—-X1, X3-X4, X3—-X4}, (2,2)
@1
In Eq. (41), the indices in parentheses indicate (X,J). Each
array contains only two distinct entries; therefore, the storage:

required is 8M. The corresponding definition of interpolation
for det[J], yields

{DET},

(X2-X1)(Y4-YI)

(X4-X1)(Y2-Y1)
(X3-X2)(Y2-YI)

1| (X2-XI1)(Y3-Y2)

(X3-X4)(Y3-Y2) (X3-X2)(Y3—-Y4)

(X3—-X4)(Y4-YI) (X4-XI1)(Y3-Y4) J,

(42)

The storage requirement for Eq. (42) is 4M. Therefore, the
total metric storage requirement is 12M, if performed as a
preprocessor operation. In Eqgs. (41) and (42), the element
nodal coordinates are {XI},={XJ,Y/J,1<J/=<4],. The
remaining metric-related operation is the contravariant
convection velocity approximation #¢. From Eq. (29) and for
the definition,

#¢={N,}T{UBARK]}, 43)
the algebra operations yield
{UBARK},={ETAKJ} {N,}T{UJ}, (44)

The evaluation of Eq. (44) is on a nodal basis, whereupon
{N,} reduces 1o the Kronecker delta. Summation is implied
over J, at the nodes U/=MJ/R (i.e., u;=m;/p), and no
additional storage is required.

Finite Element Algorithm

For a two-dimensional problem, the dependent variable set
includes p, m; =pu;, i=1,2, p, and g =pe, and the parameters
o; and g;. The algorithm Lagrange multiplier 8, is a two-
dimensional vector with components det [J]»;;. The subscript
« signifies the appropriate variable of the dependent variable
set g, ={0, M, 80,044, }, where 1=(k,f)<2. The super-
script i=1,2 signifies the two distinct components previously
identified as »; and », in the theoretical analysis. The sub-
script J is a tensor index.

Order the discrete dependent-variable set as {QI}7
={R,M(I),G,P,5(1,]),Q(J)}. The -respective algorithm
statements {FI}, [Eq. (19)] are the assembly of the elemental
evaluations, i.e., {FI}=S,{FI},. In the generalized coor-
dinate Qescription, the element column matrices {FI}, are

formed as the matrix inner products,
(FR}, = [{DET} T B3000]

+ v}, (ETAKJ)T[B40KOO] (DET} | (R},
+ % [_ (ETAKI}T[B30K0) {(MI)
+v3,{ UBARL) T [B40KLO] { ETAKJ} {R}]jw
(FM1), = | (DET) T 1B3000]

+v},(ETAKJ)T [B40K00] {DET}] (M1,

+ —Az—t [— { UBARK}T[B30K0]{MI}

—{ETAKI} T[B30KQ] {P]}

+{ETAKJ} T [B30K0]{ SIGIJ}
+v3,{ UBARL)T [ B40KLO] { ETAKJ} {MI}]jH,j
(FG},= [[DET} T [B3000]

+vl, (ETAKJ}T [ B40K00] {DET}] (G4,

+ % [— {UBARK}T[B30K0] ({G)

+{P}) + (ETAKJ} T [B30K0]{QJ} |

+ {ETAKJ)T [B40K00) { UL} {SIGLJ}

+v%, (UBARL)T [B4OKLO] (ETAKJ} { G}]Hu
{FP},={DET)T[B3000]{P}

—(v=1) [{DET} T[B3000]{G}

+ V4 { DET}T [ B40000] { UJ) {MJ}]jH
(FSIJ},={DET}T[B3000] { SIGLJ}

— [{ETAKJ} 7{B30K0] { U}

+ {ETAKI)T [B30K0]{UJ}

—%8,,( ETAKL) T [ B30KO] { UL}]jH

(FQJ), = (DET}T[B3000]{QJ)
—«{ETAKI}T [B30K0] ({GSR} ~ {ULUL}) ,,
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45)

(46)

47

(48)

49

(50)
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The general elemental hypermatrices {M...] [Eq. (31)],
are named [B...] for the two-dimensional problem. The
matrices [B30K0], premultiplied by {UBARK}T and
{ETAKJ}T, are augmented on dR,NJR by the surface in-
tegral terms [see Eq. (31)]. Each integral is evaluated once
over a master-element domain R2. [Each element matrix
defined in Eqgs. (45-50), for k=1 in Eq. (16), is listed in
Appendix B of Ref. 16.] The Boolean indices (0,K) in
[B30K0] indicate the basis {N, ] is not differentiated, or is
differentiated once into the scalar components parallel to the
1, coordinate system. In Eqs. (45-48), the discrete indices J,
K, L, occurring in both matrix and variable names, are tensor
summation indices with a range of 1<(J,K,L)=<2. The free
index I in Eq. (46) denotes Cartesian scalar components of
m;, i.e., {MI}, while I and J are both free indices in Eqs. (49)
and (50).

The matrices { DET} and { ETAKJ} contain elements equal
to the nodal values of determinant J, and elements of
(07 /3x;),. The nodal values of the contravariant scalar
components of the solution parameter #, are denoted
{UBARK}. The elements of { SIGIJ} are nodal values of the
stress tensor computed in principal coordinates in terms of
u;=m;/p. In Eq. (48), 6, is the Kronecker delta; in Eq. (50),
the elements of (GSR) are nodal values of e=g/p, while those

of {ULUL} are nodal values of specific kinetic energy Yau,u,.-

In all equations, the notation (-}/,; denotes {-}2 ,~(-};
and [-]; J+L) denotes evaluation of the argument at ¢, , and £
followed by addition after muiltiplication by © and (1 —e)
[Eq. (19)]. Finally, note that Eqgs. (45-50) completely express
the three-dimensional algorithm by the exchange of B prefix
matrices with those of C prefix, and extension of the discrete
tensor index range to 1 <(I,J,K,L)<3.

Tensor Matrix Product Jacobian

The remaining step in the algorithm formulation is con-
struction of the tensor matrix product form of the Newton
Jacobian, see Eq. (22). This is a calculus operation since Eqs.
(45-50) are in a functional form and [J]=S,[J],. The lead
term in each equation is ({DET}T[B3000] {on;, ;.
Therefore, the first term in [J(FI)],, which accounts for self-

coupling, is

a{FI}e =[JOQ] = {DET}T[B3000] 63))]
afory, - o o ‘

Referring to Eq. (30) for the definition,  the elemental *

operation in forming Eq. (51) is

[JQQ]eE{DET}eT[B3000]ESR2{DET}Z[Nk}{Nk}{Nledn
¢ (52

Assuming for simplicity a rectangular element domain R2Z,
described by measures { and w and spanned by {N,}, the
evaluation of Eq. (52) yields

[JOQQ1,=(DET}I[B30001 =A,[B200]

4212
fo 421

={w[B200] = 75 4o (53)
(sym) 4

The tensor pfoduct construction for Eq. (53) involves
evaluation of Eq. (52) constrained to one dimension and
definition of the outer product. Denoting M=A forn=1,

[JQQ, 1, =A, [4200] = SRI (NJIN,}Tdx (54
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Performing the integrals,

e [ 21 w [ 21
[J7QQ,1,=- { JOQ,1.= - (55)
61 12 6 | 12 .

assuming A, =fand A, =w. Accounting for entry locations in
[JOQ]1,, as determined by the node numbering convention,
and letting ® denote the outer product, it is readily verified
that

17001, = 1J0Q,1,® 1700, 1, . (56)

The operations defined by Eqs. (53-56) can be extended to
all terms in the Jacobian, cf. Ref. 16. The construction of
certain terms involves differentiation with respect to the
parameter #, =, /p. Using the chain rule,

MK} 9

R 9 a{ UK}
d{MI} _B{MI} A(MK} o(MI}  3{UK} d{MI}
3, ] 13
=30y T4 5y [B{MK] T B{UK}] 7
3 9
3{R}  9{R} <p2 )B[UK} (58)

Recalling that operations are performed on the element
matrices, denoting Dy, as the element average of
detJ,(d9,/0x;), and letting K signify the discrete free index
corresponding to 3/d7,, the nonempty tensor product element
Jacobians for Eqs. (45-48) are

[JRR],={DETK}T[A3000]

+vh, { ETAKJ} T [A40K00] { DETK}
At :
+ 5 vk [{ETAKJ} T[M40KLO]{ UBARL}
- (m—j) {ETAKJ}T [ M40KOL] {-R}]
o
At
[JRMI] = — [— {ETAKI)T[A30K0]
+v23,Dp, (ETAKJ}T[A30KK] ] (59)
[JMIR],= a ( ) [{MI) [A30K0}
p?
+v2, (MI}T [ A4KK00] [ETAKJ}]

[JMIMI),= {DETK}T [A3000]

+ v}, {ETAKJ}T[A40K00] { DETK}

A
+\7t [— {UBARK}T[A30K0)

— Dy, {MI} T A30K0]

]~

+v, ({UBARK)}T[A40KKO1{ ETAKJ}

+ 4 {MI}YT[A4KKO0) { ETAKJ} )]
p
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Ar
—D

[IMIMJ], = =

1
K7 (5) [— {MJ}T[A30K0]
+v3, {MJ}T [ A4KK00] {ETAKL}]
At
[JMIP], = — — (ETAKI} T [A30K0]

A
&

[JMISIT], = 3 ETAKJ}T[A40K00) ( DETK) 60)

_ Ay
6R), =5 ( - ) [t6+Py71as0k0)
+v2,{G)T [ A4KK00] {ETAKJ}]
At - (1
[JGMI], = 71),(,(5) [— {G+P}T[A30K0]
+v2, {G}T [A4KK00] {ETAKJ}]
[JGG], = {DETK}T[A3000]
+vL,(ETAKJ)T [ A40K00] { DETK)
+ %’ [— {UBARK}T[A30K0]
+v%,{ UBARK}T [ A40KK0] {ETAKJ}]
At
[JGP), =~ = (UBARK)" [ A30K0]
[JGSL],= 924’ {(ETAKJ}T [ A40K00] { UI}
[JGQJ], = %DH {ETAKL}T[A30K0] (61)
—_ (Y= I\(x
[JPR],_,~—< 5 )(‘_’2 ){DETK}T([A40000]{MK})
[JPMK],= (77_1) [{DETK} T([A40000]{ UK})

+ (g) { DETK}T ([A40000] { MK )]

[JPG],=—{(y—1){DETK}T[A3000]

[JPP], = {DETK)T [ A3000] (62)

L

= [rh,-{ETAKJ} T[A30K0]
b

[JSIIR],=
+ 1, { ETAKI} T [ A30K0)

~%8,,m, ETAKL}T [A30K0]]

wsmI,=- £ [{ETAKJ] T [ A30K0]
b

AJAA JOURNAL
— %6, { ETAKL} T[A30K0]]
[JS1JSIJ],={DETK}T[A3000] (63)
- [JOIR],= [)% [g{ETAKI] T[A30K01
m?
- {ETAKI}T[A30K0]]
D
KIN; .
[JQIMI], = [)—2’ {ETAKI}T[A30K0]
[JOIG],=— 4 {ETAKI}T[A30K0]
b !
[JQIQI] .= {DETK} T[A3000] (64)

Noniterative and Direct Steady State

The noniterative and direct steady-state algorithms are
special cases of the developed formulation. The noniterative
form simply constitutes acceptance of the first solution, i.e.,
{6Q1}2, ; from the Newton algorithm, using only evaluation
of {FI}},,={FI};. By definition {QI}}HE{QI}j, the
dependent variable vector at time step L. Therefore,
{QI}/,, =10} in Egs. (45-47) and the corresponding ex-
pression in brackets is not evaluated. Furthermore, for the
second bracketed expressions, A¢/2=A¢ and the evaluation
[-1;41; reduces to [-];. This procedure eliminates the error
control parameter »}; from the algorithm. The tensor product
Jacobians are unaltered, except that since the terms involving
»! have been eliminated from {FI} the corresponding terms in
[J,] are omitted. The multiplier A#/2 remains appropriate as
the time step factor and § QI}}“ ={QI}, in Eqs. (48-50).

The direct steady-state algorithm is identical to the
noniterative formulation, except that Af/2=At¢ in the
Jacobians. This multiplier, common to all elements of {FI},
can be removed by placing (AH)~! as a scalar multiplier on
{DET}T{A3000] in the Jacobians [JQQ] in the differential
equations exhibiting initial-value character, i.e., p, m;, and g.
Hence, this yields a nondiagonal tensor matrix generalization
of the “‘approximate factorization’ procedures devised for
finite difference algorithms.’

Results and Discussion

To validate, and refine as appropriate, the linearized
theoretical analysis estimate of the parameter set », the
inviscid Riemann shock tube problem of Sod!” was executed.
The problem specification discretizes the unit duct length into
M =100 uniform finite elements for the k=1 algorithm, with
the diaphragm located between elements 49 and 50. The initial
condition specification is m;=0, p=1.0=p on x,=<0.5,
p=0.1and p=0.1250nx; >0.5, and y=1.4.

Use of the linearized theoretical estimates for »¢ yields a
solution with excessive overshoot in all variables immediately
downstream of the shock.!®. An optimization study was
completed to refine the »/, with the criterion of sharp
resolution of the shock with negligible overshoot. This
“optimum’’ set, ». ={%,0,%}/ 15 and »2 = {%,2,1} /v/15
for g;={p,m;,q} and the k=1 algorithm, yields the solution
shown in Fig. 2 for convergence defined as { 16Q/1}<10-4.
The dashed lines are the initial condition and each symbol
corresponds to a node of UR!. The results are in excellent
agreement with linearized theory, the shock is sharply defined
in each dependent-variable solution, and the various plateaus
exhibit excellent flatness.
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Fig. 2 Finite element algorithm solutlon, Riemann shock tube, r=0.14154 s, M=100, k=1, v ={33,0,Y4}, v2

momentum, ¢) energy, d) pressure.

Sensitive measures for accuracy comparisons are con-
vection velocity &, =m,/p and temperature. Figures 3 and 4
compare the iterative k=1 algorithm results to those obtained
us1ng a modification to the finite element algorithm that
mimics. the iterative, tlme-accurate form of the approximate
factorization - finite difference algorithms.>¢ The finite
¢lement algoritlim smears the shock over only two elements,
while the pseudo-finite difference results are smeared over
five elements. This loss in accuracy is directly attributable to
the reduction in algorithm order ‘of accuracy by the finite
difference modification. Since there are no'CPU time or core
storage distinctions in obtaining these two solutions, the ad
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hoc modlflcatlons appear unwarranted. Addmonal detail,
and k=2 finite ¢lement algorithm solutlons are given in Ref.
16. The favorable ‘‘eyeball-norm’’ accuracy of the k=1
algorithm solutions are retained on the progression to coarser
grids (Fig. 5), using M=50 and 25 element discretizations.
The results of rigorous validation of accuracy and con-

. vergence in Sobolev norms are reported in Ref. 16.

The two-dimensional inviscid simulation of the Riemann
problem defines m; =0 as the initial condition and applies a
vanishing normal derivative in thé x,  direction as the
boundary condition for {QI}, 1 =I<5. This is the default
specification for the finite element algorithm -and no dif-
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a) velocity, b) internal energy.

ference approximations are required for its enforcement
Figure 6 summarizes the .k=1 algorithm solution for
{QI}={MIP,R,G} at t=0. 14154 s ‘using a M=32x6
uniform d1scret12atlon of R? and the predetermined optimum
levels. of »2 with »/={0}. The enforcement of vanishing
gradient is essentially exact, and the shock is defined across
the span of two elements in the x; direction. The maximum
level computed for {M2} was smaller than the convergence
limit e=10"3.
The Riemann solutlon was repeated for various orien-
tations of the shock tube in the fixed Cartesian reference
frame x,. Figure 7 summarizes the noniterative solution for a
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Fig. 4 Finite difference solution parameters, Riemann shock .tube,
t=0.14154 s, M =100, second-order, v =0, v = {1,1,1}: a) velocity,

b) internal energy.

26 deg rotation, using M=32x6 and the »2 of Flg -6. No
difficulty is encountered enforcing the vamshmg derivative
boundary condition on surfaces not aligned with x;. The
computed extremum of {M2} is about one-third that of
{M1); squaring and adding to form # produces essential
agreement with the solution of Fig. 5. Figure 8 summarizes
the solution for the diaphragm oriented at an extremum angle
(45 deg) to the mesh. The result is propagation of an oblique
shock with large cross-mesh gradients. The shock position is
sharply defined in all variables, as is the trailing plateau. No
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Fig. 6 Finite element algorithm solution, two-dimensional Riemann shock tube, iterative, M=232X6, k=1: a) momentum, b) pressure, c) density,

‘d) energy.
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Fig. 7. Finite element algorithm solution, two-dimensional Riemann tube oriented 26 deg to Cartesian reference, M=32X6, k= 1: a) momentum
m;, b) momentum m,, c) speed, d) temperature. o

Fig. 8 Finite element algorithm solution, two-dimensional Riemann tube, oblique diaphragm and shock, M=32x 6, k=1: a) momentum m,,
b) momentum m,, c) pressure, d) energy, €) density. )
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difficulty is indicated in enforcing the homogeneous von
Neumann boundary constraint for arbitrary mesh intersection
with the domain boundary. The solution trashiness near the
upstream left corner is the result of ‘an inadequate domain
extension.

The two-dimensional inviscid Riemann problem is.

redefined as viscous by setting m; =0 at the walls and the cold-
wall boundary condition for the energy equation. Selecting
Re=105 and using a uniform M=32x20 grid aligned with
the principal coordinates, Fig. 9 summarizes the k=1
algorithm solution at £=0.142 s using the inviscid-optimized
dissipation levels for »2 and »/ =0. The shock front is sharply
defined in the pressure solution (Fig. 9a). The growth of a
boundary layer is visible in m; behind the shock. Fur-
thermore, away from the walls, the centroidal nodal
distribution of m; is in exact agreement with the inviscid
solution. In the solution for the dominant shear stress o,,
(Fig. 9¢), the shock intersection with the wall is well defined
and its passage has induced a residual large local level with
steep gradients. Away from these.actions, the solution is
smooth and generally devoid of under- or overshoot. This
solution used the same time step as the inviscid solution and
averaged three iterations/time step.at e=10-3,

Summary and Conclusions

An implicit finite element solution algorithm is derived for
problems in computational fluid dynamics. The Galerkin
weighted residuals formalism has been augmented using a
multipole expansion concept to induce a highly phase-
selective dissipation of nonlinearly induced dispersion error.
The algorithm, cast in a generalized coordinates framework,
is expressed in a FORTRAN-appearing notation using a
tensor summation index convention for addressing
multidimensional problem descriptions. Numerical results
document solution accuracy, grid sensitivity, and boundary
condition application for compressible flows with shocks.
Although still in a very early stage of development and
evaluation, the theoretical and programmatic structures of the
finite element algorithm do produce an accurate and robust
CFD procedure for application to large Reynolds number
flows. Further quantization of performance is required and is
under way.
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